
§��� ��þÀ±� .7 ÛÊê 200ý¥�¹õ ñ�ÂÚµ÷� 1.1.7ÛØÈ� ùÂ¨�÷ �þ ý¥�¹õ ñ�ÂÚµ÷� ¢�ª üõ ÓþÂã� [a,+∞) ýø¤ �î y = f(t) �b µ¨��� â��� ý�Â�:¢¢Âð üõ ö��� Âþ¥
∫ ∞

a

f(t)dt = lim
A→∞

∫ A

a

f(t)dt , a < A ∈ R.Ý���ð �Âð�ø �Â÷� �¤�Ê�þ� Â�è ¤¢ ø �ÂÚÞû �¤ ñ�ÂÚµ÷� Àª�� üû��µõ ø ¢���õ À� ßþ� Âð�Ýþ¤�¢ f(t) = ect â��� ý�Â� ,t ≥ 0 ø c ÂÔ¬ Â�è ´��� �� 1.7 ñ�·õ
∫ ∞0 ectdt = lim

A→∞

∫ A0 ectdt = lim
A→∞

ect

c

∣
∣
∣

A0 = lim
A→∞

ecA − 1
c

=

{

−1
c

c < 0
∞ c ≥ 0

lim
x→∞

e−x = 0 �î ´¨� ßªø¤ . y = e−x â��� ¤�¢�Þ÷ 1.7 ÛØª�Âþ¥ ´¨�Âð�ø f(t) =
1
t
â��� ý¥�¹õ ñ�ÂÚµ÷� t ≥ 1 ý�Â� 2.7 ñ�·õ

∫ ∞1 1
t
dt = lim

A→∞

∫ A1 1
t
dt = lim

A→∞
ln |A| = ∞Ýþ¤�¢ t ≥ 1 ýø¤ f(t) =

1
tp

â��� ý�Â� 3.7 ñ�·õ
∫ ∞1 dt

tp
= lim

A→∞

∫ A1 dt

tp
= lim

A→∞

t−p+1
−p+ 1 ∣

∣
∣

A1 = lim
A→∞

A1−p − 11− p
=

{ 1
p− 1 p > 1
∞ p ≤ 1:´¨� �Æþ�Öõ ö�õ¥� �úó�ÂÚµ÷� ü��ÂÚÞû ü¨¤Â� ý�Â� ù¢�¨ ©ø¤ ×þ
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M ×þ Ǒ�¥�� ø 1�µ¨��� ý��Ø� t ≥ a ý�Â� f(t) À��î ­Âê (�Æþ�Öõ ö�õ¥�) 1.7ÓþÂã�Å� Àª�� �ÂÚÞû ∫ ∞

M

g(t)dt Âð� .´¨� �µ¨��� üã��� g(t) �î Àª�� |f(t)| ≤ g(t) ,t ≥ M ø.¢�� Àû��¡ �ÂÚÞû ��÷ ∫ ∞

M

f(t)dt
∫ ∞

M

f(t)dt ≤
∫ ∞

M

g(t)dt ñ�ÂÚµ÷� «��¡ Õ±Ï f(t) ≤ g(t) ö�� [M,+∞) ýø¤ �Âþ¥.∫ ∞

M

f(t)dt ≤ K ü�ãþ ∫ ∞

M

g(t)dt = K Âð� ø¥� �î ∣
∣
∣
sin t

tp

∣
∣
∣ ≤ 1

tp
�Âþ¥ ´¨�ÂÚÞû p > 1 ý�Â� ∫ ∞1 sin t

tp
dt ý¥�¹õ ñ�ÂÚµ÷� 4.7 ñ�·õ.Ý��î üõ ù¢�Ôµ¨� �Æþ�Öõ ö�õ¥� ø 3.7ñ�·õ�õ�ð â��� 2.1.7:¢�ª üõ ÓþÂã� Âþ¥ ý¥�¹õ ñ�ÂÚµ÷� �¤�Ê� üÖ�Ö� ý�ûp ý�Â� �õ�ð â���

Γ(p) =

∫ ∞0 e−ttp−1dtÝúõ ´�¬�¡ ßþ� ö��� üõ Ǒ�� �� Ǒ�� �� üµ��Â� ø ´¨�ÂÚÞû üµ±·õ ý−p Âû Ǒ�¥�� ñ�ÂÚµ÷� ßþ��î ¢Âî ´��� �¤
Γ(p+ 1) = p Γ(p)

Γ(n) = (n−1)! �¤�Ê� Ûþ¤�µî�ê ´±·õ ¼�½¬ ý�û−n ý�Â� Γ(1) = 0! = 1 �î �¹÷� ¥�ý�úªø¤ �� .¢�Þ÷ ÓþÂã� ��÷ üÖ�Ö� ¢�Àä� ý�Â� �¤ Ûþ¤�µî�ê ö��� üõ â��� ßþ� �� ø ù¢�� ö��� Û��ìÛ��Æõ ü¡Â� �� ¢¥�¨ üõ ¤¢�ì �¤ �õ �f Þä ø Γ(
12 ) =

√
π �î ¢�Þ÷ ´��� ö��� üõ ýÂ�Úó�ÂÚµ÷�:À��î ���� Âþ¥ ý�û ñ�·õ �� .Ýþ¥�¨ Û� Û��ì �¤ ñ�ú¹õ

Γ(
52 ) =

32Γ(
32 ) =

32 12Γ(
12 ) =

32 12√
π

Γ(4)Γ(1/5)

Γ(3/5)
=

3! × 12 × Γ(12 )52 × 32 × 12 × Γ(12 )
=
85:´êÂð ×Þî �úó�ÂÚµ÷� ü¡Â� Û� ý�Â� ö��� üõ �õ�ð â��� ¥� ß��»Þû

∫ ∞0 t3e−tdt = Γ(4) = 6.Àª�� �µ¨��� �ÎÖ÷ üû��µõ ¢�Àã� ¤¢ Â·î�À� �¹� â��� Âð� Ý���ð �µ¨��� ý��Ø� �¤ y = f(t) â��� -1
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∫ ∞0 e−t

√
t
dt =

∫ ∞0 t−
12 e−tdt =

∫ ∞0 t
12−1e−tdt = Γ(

12 ) =
√
π

∫ 10 x ln2 x dx =

∫ 0
−∞

u2e2udu =
18 ∫ ∞0 t2e−tdt =

18Γ(3) =
14

∫ ∞0 x
15 e−2√xdx =

∫ ∞0 t
75 e−tdt =

12 5√4Γ(
125 )��Â® â��� ø Àþ�¨ ý�û
 â��� 3.1.7ø ùÀª ÓþÂã� u(t) =

{ 1 t ≥ 0,0 t < 0. ÛØª �� ,À��ø ý��Ü� â��� ö�Þû �þ 2Àþ�¨ ý�û
 â����¤�Ê� c ≥ 0­Âê �� ýÀã� ��Ñ��õ ´ú�
uc(t) = u(t− c) =

{ 1 t ≥ c,0 t < c.

ý��Ü� â���� ¤�¢�Þ÷ ø ÛØª 2.7 ÛØªù¢�Ôµ¨� ¤¢ ´ó�ú¨ ´ú� â��� ßþ� ¥� .À�þ�ð ��÷ c ñ�� À��ø ý��Ü� â��� ö� �� �î ¢�ª üõ ö���.¢Â� Ý�û��¡ ùÂú� �µ¨��� ý� �Ø� â���� ¥�Âð� 1.7 °ÜÎõ
g(t) =







g1(t) 0 ≤ t < c1,
g2(t) c1 ≤ t < c2,
g3(t) c2 ≤ t < c3,

...
gn−1(t) cn−2 ≤ t < cn−1,
gn(t) t ≥ cn−1. (1)Å³¨

g = g1 + uc1(g2 − g1) + uc2(g3 − g2) + · · · + ucn−1(gn − gn−1) (2)ÂÔ¨�÷�þ Óª�î üÆ�ÜÚ÷� ö�À�®�þ¤ ø ö�ÀØþ��ê (1925− 1850) Àþ�Æþ�û ¤��ó� -2
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g(t) â��� ¤�¢�Þ÷ 3.7 ÛØª �î�¹÷� ¥� ��� ÛØª ý�Â� �·õ
g(t) =







−1 0 ≤ t < 1,0 1 ≤ t < 2,1 2 ≤ t < 3,0 t ≥ 3. :ÝþÂ�ð üõ �¹�µ÷ (2) Â����
g(t) = −1+u1(t)(0+1)+u2(t)(1−0)+u3(t)(0−1) = u1(t)+u2(t)−u3(t)−13�¤�Ê� �î ×þ��ê ¤¢ ù¢�Ôµ¨� ¢¤�õ ø ε > 0 Âµõ�¤�� �� ´¨� üã��� ��Â® â���

dε(t) =

{ 1
ε

0 ≤ t ≤ ε,0 t < 0 , t > ε.
(3)Â� ýÀþÀª ��Â�� ø ù¢�¢  ¤ ù���î ¤��Æ� ü÷�õ¥ ¤¢ �î ´¨� ü��û ùÀþÀ� ý�Â� ø ¢�ª üõ ÓþÂã�üµ��Â� ��Â® â��� ý�Â� .dε(t) =

1
ε

[
u0(t) − uε(t)

] �î ¢�¢ ö�È÷ ö��� üõ .¢¤�Áð üõ ý��À�� Âû ´¨� ÂÔ¬�÷ ¤�¢�Þ÷ Âþ¥ ¼Î¨ Àû¢ üõ ö�È÷ �î ∫ ∞

−∞
dε(t)dt = 1 �î ¢�ª üõ ´���ß��»Þû ,Àª�� ×��î ¤��Æ� ε ¤�ÀÖõ

∫ ∞

−∞
lim
ε→0 dε(t)dt = lim

ε→0∫ ∞

−∞
dε(t)dt = lim

ε→0∫ ε0 1
ε
dt = lim

ε→0 tε ∣∣∣ε0 = 1�¤�Ê� �¤ í�ª �þ ��Â® â��� ,�û �µª�÷ ü¡Â� ¤¢ -3
dε(t) =

{ 12ε
|t| ≤ ε,0 |t| > ε.

(4)üó�Þµ�� ý�úãþ¥�� �� ¯�±�¤� ü� üãþ¥�� �Â÷� ø ´¨� (3) ¥� Â�À�Ôõ ÓþÂã� ßþ� À��Âû .À��î üõ ÓþÂã�´¨� �¥� §��� ¥� ü�� ��ÔþÂã� �� ���� �� ßØ�ó ,¢ø¤ üÞ÷ ¤�ÞÈ� ü®�þ¤ Ë½õ â���� ¥� ø ù¢Âî ¢�ÀÞÜì.¢�� Àû��¡ (3) ÓþÂã� ¥� �ø�Ôµõ (4) ÓþÂã� °ì�ãµõ ¸þ�µ÷ ß��»Þû ø ù¢�Þ÷ ÓþÂã� ´±·õ ýø¤ ý�Â� �Â÷�



§��� ��þÀ±� .7 ÛÊê 204ý�µó¢ â��� �� �î ¢�Þ÷ ÓþÂã� δ(t) = lim
ε→0 dε(t) �¤�Ê� �¤ À��ø ��Â® â��� ö��� üõ �Áó.´¨� ��¨�õ ��÷ �µó¢ â��� ÍÖê �þ 4í�Âþ¢

δ(t) = 0 (t 6= 0) ;

∫ ∞

−∞
δ(t)dt = 1

��Â® â��� ¤�¢�Þ÷ 4.7 ÛØª
a ≥ 0 ý�Â� Å³¨ Àª�� �µ¨��� [0,+∞) Â� f(t) â��� Âð� 2.7 °ÜÎõ

∫ ∞0 δ(t− a)f(t)dt = f(a) (5).´¨� ��¹÷� Û��ì üµ��Â� üð¢ÂÈê ø ß�Ú÷��õ ¤�ÀÖõ �b �Ìì �� °ÜÎõ ßþ� ��±��§��� ÛþÀ±� �þ ÂÚÜÞä 4.1.7ý�Â� �¤ §��� (ÂÚÜÞä �þ) ÛþÀ±� ,ùÀª ÓþÂã� [0,∞) ùb¥�� ýø¤ �î y = f(t) â��� ý�Â�5Ý��î üõ ÓþÂã� ß��� s > 0
F (s) = L(f(t)) =

∫ ∞0 e−stf(t)dt�ú�� f(t) â��� ´¨� ßØÞõ Å� ,Àª�� �ÂÚÞû ý¥�¹õ ñ�ÂÚµ÷� �î ¢¤�¢ ¢��ø üµìø ÛþÀ±� �fÞÜÆõ¢��ø �b ���÷ �þ ü��ÂÚÞû �b ���÷ �Â÷� �¤�Ê�þ�¤¢ ø Àª�� §��� ý�¤�¢ s ≥ s0 À�÷�õ ý�����÷ ¤¢üÆ�ÜÚ÷� ö�ÀØþ��ê (1984− 1902) í�Âþ¢ ñø�� ¥� -4ÕµÈõ ÛþÀ±� Û·õ .¢¤�Ú÷ üõ ýÂÚþ¢ â��� �� �¤ â��� ×þ �î ´¨� ý��Î��¤ ,ÂÚÜÞä �þ ÛþÀ±� ¥� ¤�Ñ�õ -5��þÀ±� .Mφ(f) = φf ü�Â® ÂÚÜÞä �þ ø I(f(x)) =
∫ x

a
f(t)dt ñ�ÂÚµ÷� ÛþÀ±� ø D(f(x)) = f ′(x):À÷�ª üõ ÓþÂã� Âþ¥ �¤�Ê� À÷� üÎ¡ ��¢�ãõ Û� ¤���� ßþÂ�À�Ôõ �î üó�ÂÚµ÷�

T (s) =

∫ β

α

K(s, t)f(t)dt ; s ∈ R�b µÆû Âð� ø ù¢�� üÎ¡ �fõ�Þä ��þÀ±� ßþ� .−∞ ≤ α ≤ β ≤ +∞ ø Ý���ð ÛþÀ±� �b µÆû �¤ K(s, t) �îýÂ�çµõ s Â� üÜî ´ó�� ¤¢ .¢¢Âð üõ ¢�¹þ� [0,+∞) ýø¤ §��� ÛþÀ±� ,Àª�� e−st Â��Â� K(s, t) ÛþÀ±�üµìø ø ù¢�� bs ø as �þ¤�ê °þ�Â® ö�Þû ÛþÀ±� ßþ� ´¨� cos st ø sin st ÛþÀ±� �µÆû üµìø .´¨� ÍÜµ¿õ.¢¢Âð üõ ¢�¹þ� R ýø¤ ÍÜµ¿õ �þ¤�ê ÛþÀ±� K(s, t) = e−iwt



205 ��óø� Óþ¤�ã� .1.7ö� Û¬�� ø ù¢Âî Â�� f(t) â��� ýø¤ �î ´¨� §��� ÂÚÜÞä L ÓþÂã� ßþ� ¤¢ .Ý���ð §����î ü�ãõ ßþ� �� ´¨� üÎ¡ §��� ÛþÀ±� �î ¢�ª üõ ´��� ´ó�ú¨ �� .¢�� Àû��¡ F (s) â���:Ýþ¤�¢ β ø α üÖ�Ö� ´���� ø g(t) ø f(t) â���� ý�Â�
L(αf + βg) = αL(f) + βL(g)ñ�ÂÚµ÷� �þ ø ù¢�� ÓþÂã� ���ì üã���� �� ý�Â� ÛþÀ±� ßþ� �õ� .¢¤�¢ üÎ¡ ´�¬�¡ ñ�ÂÚµ÷� �Âþ¥×þ ý�Â� §��� ÛþÀ±� ¢��ø ¯Âª ö��� ¥� Û±ì .¢�� Àû��¡ �ÂÚÞû üÜ¬��ê �� ýø¤ ÛþÀ±�

k > 0 ø a üÖ�Ö� ý�û ´��� Âð� ´¨� ü��Þ÷ �b ±�Âõ ¥� t > A ý�Â� f(t) â��� �î Ý��î Âî£ ,â���.|f(t)| ≤ keat Ý�ª�� �µª�¢ t > A ý�Â� �î À�ª�� ¢���õ ö���.´Æ���Þ÷ �b ±�Âõ ¥� üã�±Ï n Âû ý�Â� tn â��� À�û¢ ö�È÷ 5.7 ñ�·õ:Ýþ¤�¢ ù��¿ó¢ ý−n ø et ýÂ¨ ÍÆ� ¥� ù¢�Ôµ¨� �� .Û�
et = 1+ t+

t22!
+
t33!

+ · · · + tn

n!
+ · · ·

> 1+ t+
t22!

+
t33!

+ · · · + tn

n!

>
tn

n!

n!et > tn .tn < n!et ßþ�Â����.´¨� ü��Þ÷ �b ±�Âõ ¥� üÖ�Ö� a Âû ý�Â� sinh at â��� À�û¢ ö�È÷ 6.7 ñ�·õ.sinh at = 12 (eat − e−at) < 12 (eat) < eat Ýþ¤�¢ ÓþÂã� ¥� ù¢�Ôµ¨� �� .Û�
t ≥ A üµìø ,üµ±·õ ýAý�¥�� ø �µ¨��� ý��Ø� t ≥ 0 ý�Â� f â��� À��î ­Âê 3.7 °ÜÎõ¢���õ s > a ýø¤ f(t) §��� ÛþÀ±� üµ±·õ a ý�Â� �¤�Ê�þ� ¤¢ ,Àª�� ü��Þ÷ �b ±�Âõ ý�¤�¢.´¨�üõ [A,+∞) ýø¤ ý−k > 0 ø a ý�Â� ´¨� ü��Þ÷ �b ±�Âõ ý�¤�¢ f(t) �î ü��¹÷� ¥� �Âþ¥â��� §��� ÓþÂã� Õ±Ï Å� Àª�� |f(t)| ≤ keat ´Æþ��

F (s) = L(f(t)) =

∫ ∞0 e−stf(t)dt =

∫ A0 e−stf(t)dt+

∫ ∞

A

e−stf(t)dt (6)ö�� ��÷ �ø¢ ñ�ÂÚµ÷� ý�Â� ø ¢¤�¢ ¢��ø �È�Þû ñø� ñ�ÂÚµ÷� ,�µ¨��� f ý�Â�
|e−stf(t)| ≤ eatke−st = ke−(s−a)t



§��� ��þÀ±� .7 ÛÊê 206��� (6) ýø�Æ� ¥� ù¢�Ôµ¨� �� ß��»Þû .´¨�ÂÚÞû s > a ý�Â� F (s)

|F (s)| ≤
∫ ∞

A

ke−(s−a)tdt ≤ k

s− aý��ÜÞ� À�� �Â¿õ ø �¤�¬ �� ÂÆî Âû ,6À� ßþ� Õ��Îõ lim
s→∞

F (s) = 0 ÝþÂ�ð üõ �¹�µ÷ øÂð� ÂÚþ¢ éÂÏ ¥� .¢�� Àû��¡ â��� ×þ §��� ÛþÀ±� Àª�� ÂµÞî �Â¿õ ¥� Ç�¤�¬ ��¤¢ �î
F (s) �î ÝþÂ�ð üõ �¹�µ÷ ,¢�ª ÂÔ¬Â�è �þ ù¢�±÷ ¢���õ À� ßþ� F (s) À�÷�õ ü®øÂÔõ â��� ý�Â�ø sin s ,ln s ,es ,s ¥� üÎ¡ ��±�îÂ� ,À� ßþ� ¢��ø Õ±Ï ø ´Æ�÷ üã��� º�û §��� ÛþÀ±�.¢�� À�û��¿÷ üã��� º�û §��� ÛþÀ±� ��÷ cos s. 1.7ßþÂÞ�.´¨� üÎ¡ §��� ÂÚÜÞä À��î ´��� ÓþÂã� ¥� ù¢�Ôµ¨� �� (1.Àþ¤ø� ´¨À� �¤ Âþ¥ â���� §��� ,ÓþÂã� ¥� ù¢�Ôµ¨� �� (2

(c) f(t) = t , (d) f(t) = t2 , (e) f(t) = tn (n ≥ 1)

(a) f(t) =

{ 3 t ≤ 2,5 t > 2. , (b) g(t) =

{
t 0 ≤ t < 3,1 t ≥ 3..´Æ�÷ ü��Þ÷ �b ±�Âõ ¥� et2 â��� À�û¢ ö�È÷ (3.¢¤�À÷ ¢��ø et2 §��� À�û¢ ö�È÷ Ý�ÖµÆõ ©ø¤ �� (4.´Æ�÷ §��� ÛþÀ±� ý�¤�¢ f(t) =

1
t
â��� �î À��î ´��� Ý�ÖµÆõ ©ø¤ �� (5?À�ª�� §��� ÛþÀ±� ×þ ý�¤�¢ À�÷��� üõ g(t) ø f(t) �ø�Ôµõ â��� ø¢ �þ� (6:À�û¢ ö�È÷ (7

∫ ∞0 e−t2dt =

√
π2 ;

∫ ∞0 e−a2t2dt =

√
π2a , (a > 0).À����� �¤ Âþ¥ ��¤�±ä Û¬�� �õ�ð â��� «��¡ ¥� ù¢�Ôµ¨� �� (8

(a)
Γ(4/5)Γ(5/5)

Γ(7/5)
, (b)

∫

t6e−3tdt , (c)

∫ √
xe−x3dx�Ø� f(t) À��Âû ´¨� ¼�½¬ ��÷ Àª�� ¢���õ F (s) �î üÏÂÈ� Â� üÜî ´ó�� ¤¢ À� ßþ� �µ±ó� -6ÛþÀ±� �î À�µÆû üã���� ,ö� Õ��Îõ .À÷� üê�î Íþ�Âª ßþ� Å� Àª�±÷ ��÷ ü��Þ÷ �b ±�Âõ ¥� �þ ø ù¢�±÷ �µ¨��� ý�¤¢ Å� ´¨� �µ¨����÷ ÂÔ¬ ¤¢ f(t) = 1√

t
â��� �f ·õ À��î üÞ÷ ëÀ¬ ��Ìì Íþ�Âª ¤¢ üóø À÷¤�¢ §���.L(f(t)) =

√
π
s
�î Àþ¢ Ý�û��¡ ø ù¢�� §��� ý�¤�¢ üóø .´Æ�÷ �µ¨��� ý��Ø� 0 ≤ t ≤ A �Ü¬�ê



207 ÓÜµ¿õ â���� §��� .2.7ÓÜµ¿õ â���� §��� 2.7�Þû ,´¨� §��� ÛþÀ±� ý�¤�¢ �î ��÷ üã��� Âû ßþ� ¢��ø �� ¢¤�À÷ §��� üã��� Âû À��Âû�� .(??°ÜÎõ) Àª�� ÛþÀ±� ý�¤�¢ «�¡ ý�ù¥�� ýø¤ �ú�� ´¨� ßØÞõ ø ù¢�±÷ ÛþÀ±� ý�¤�¢ ��ÓÜµ¿õ â��� À�� §��� ÛþÀ±� Ý�÷��� üõ ö��î� ,Àª ���¤� §��� ÛþÀ±� ¥� �î üÔþÂã� ¥� ù¢�Ôµ¨�:Ýþ¤ø� ´¨À� �¤
L(1) =

∫ ∞0 e−stdt = lim
A→∞

∫ A0 e−stdt = lim
A→∞

e−st

s

∣
∣
∣

A0 =

{ 1
s

s > 0,
∞ s ≤ 0.

L(ect) =

∫ ∞0 e(c−s)tdt = lim
A→∞

e(c−s)t

c− s

∣
∣
∣

A0 =

{ 1
s− c

s > c,

∞ s ≤ c.

L(t3) =

∫ ∞0 t3e−stdt = lim
A→∞

−e−st(s3t3 + 3s2t2 + 6st+ 6)

s4 ∣
∣
∣

A0
=

{ 6
s4 s > 0,
∞ s ≤ 0.

L(tp) =

∫ ∞0 e−sttpdt =

∫ ∞0 e−w(
w

s
)pd

(w

s

)
=

1
sp+1 ∫ ∞0 e−wwpdw

=
Γ(p+ 1)

sp+1 (p > −1) , s > 0
L(sin at) =

∫ ∞0 e−st sin at dt = lim
A→∞

∫ A0 e−st sin at dt

= lim
A→∞

−s sin at− a cos at

s2 + a2 e−st
∣
∣
∣

A0 =
a

s2 + a2 , s > 0
L(cos at) =

∫ ∞0 e−st cos at dt = lim
A→∞

∫ A0 e−st cos at dt

= lim
A→∞

−s cos at+ a sin at

s2 + a2 e−st
∣
∣
∣

A0 =
s

s2 + a2 , s > 0
L(sinh at) = L(

eat − e−at2 ) =
12 (

1
s− a

− 1
s+ a

) =
a

s2 − a2 , s > |a|ü��ÂÚÞû �� ���� �� tp â��� §��� ý�Â� .7¢�ª üõ �¹�µ÷ §��� ö¢�� üÎ¡ ¥� Â¡� ñ�õÂê �î.À���Þ÷ ���� Âþ¥ ý�û ñ�·õ �� .Àª�� p > −1´Æþ�� üõ ñ�ÂÚµ÷�
L(t9) =

Γ(10)

s10 =
9!

s10Ýþ�ù¢Âî ù¢�Ôµ¨� Âþ¥ ý�û ñ�õÂê ¥� L(cos at) ø L(sinat) �b ±¨�½õ ý�Â� -7
∫

eat sin bt dt =
a sin bt − b cos bt

a2 + b2 eat ;

∫

eat cos bt dt =
a cos bt + b sin bt

a2 + b2 eat
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L(t−

12 ) =
Γ(− 12 + 1)

s−
12+1 =

Γ(12 )

s
12 =

√
π

s

L(t
12 ) =

Γ(32 )

s
32 =

12Γ(12 )

s
32 =

√
π2s 32

L(x5√x) = L(x
112 ) =

Γ(112 )

s
132 = (

112 )(
92 )(

72 )(
52 )(

32 )(
12 )

√
πs

132
L(sin2 x) = L(

1− cos2x2 ) =
12 [L(1) − L(cos2x)] =

12 [
1
s
− s

s2 + 1 ] =
12s(s2 + 1).Ý��î üõ ÛÞä Âþ¥ �¤�Ê� ý��Î��® À�� â���� ý�Â� ùø�ã�

g(t) =

{ 4 0 ≤ t < 5,0 t ≥ 5. â��� §��� ´Æ��ÜÎõ 7.7 ñ�·õ�î ¢�ª üõ �¹�µ÷ §��� ÓþÂã� ¥� .Û�
L(g(t)) =

∫ ∞0 e−stg(t)dt =

∫ 50 4e−stdt = 4e−st

−s

∣
∣
∣

50 =
4(1− e−5s)

s¥� ù¢�Ôµ¨� �� ö��� üõ Ýþ¢Âî ´��� �»÷� �� ���� �� (§��� ��þÀ±� ñøÀ�) 4.7 °ÜÎõüõ Âî£ �¤ üã���� ßþÂ� ý¢Â�¤�î Âþ¥ ñøÀ� ¤¢ .¢¤ø� ´¨À� �¤ üÔÜµ¿õ â���� §��� ÓþÂã�.¢¤�¢ ¢��ø �ú÷� §��� ÛþÀ±� �î Ý��î
f(t) =⇒ F (s) = L(f(t))1 =⇒ 1

s
, s > 0

t =⇒ 1
s2 , s > 0

tn =⇒ n!

sn+1 , s > 0 (n ≥ 0)

tp =⇒ Γ(p+ 1)

sp+1 , s > 0 (p > −1)

ecx =⇒ 1
s− c

, s > c

sin at =⇒ a

s2 + a2 , s > 0
cos at =⇒ s

s2 + a2 , s > 0
sinh at =⇒ a

s2 − a2 , s > |a|

cosh at =⇒ s

s2 − a2 , s > |a|´�¬�¡ �µ±ó� .Ý��î üõ ù¢�Ôµ¨� ö�ð�÷�ð â���� §��� ÛþÀ±� ö¢¤ø� ´¨À� ý�Â� ñøÀ� ßþ� ¥�.Ý�û¢ üõ ¤�Âì ÂÑ÷ Àõ �¤ ÛþÀ±� ö¢�� üÎ¡



209 ÓÜµ¿õ â���� §��� .2.7.À����� �¤ f(t) = 2 sin3t− cos2t+ 4e−4t â��� §��� ÛþÀ±� 8.7 ñ�·õÝ�Æþ�÷ üõ s > 3 ýø¤ §��� ÛþÀ±� ö¢�� üÎ¡ ø ��� ß�÷��ì Õ��Îõ .Û�
F (s) = L(f(t)) = 2 3

s2 + 9 − s

s2 + 4 + 4 1
s+ 4 =

6
s2 + 9 − s

s2 + 4 +
4

s+ 4
f(t) = 4t3 + 5e2t + 3 sin2t− 4 cos5t− 8 â��� §��� ´Æ��ÜÎõ 9.7 ñ�·õÝþ¤�¢ ��þÀ±� ñøÀ� ø ö¢�� üÎ¡ ´�¬�¡ Õ��Îõ .Û�
F (s) = L(f(t)) =

24
s4 +

5
s− 2 +

6
s2 + 4 − 4s

s2 + 25 − 8
s

, s > 2. 2.7ßþÂÞ�.À����� �¤ Âþ¥ â���� §��� ,ÛþÀ±� ßþ� «��¡ ø §��� ��þÀ±� ñøÀ� ¥� ù¢�Ôµ¨� �� (1
(a) f(t) = 4t− 6 , (b) f(t) = 3t2 + 2t− 1
(c) f(t) = 2(t+ 3)2 , (d) f(t) = t3 + 2e−3t + e4t

(e) f(t) = 2e4t + 4e2t , (f) f(t) = e3t−5
(g) f(t) = 4et+ 12 , (h) f(t) = eαt+β ; α, β ∈ R

(i) f(t) = 2 sin2t+ 4 cos2t , (j) f(t) = 6t+ 4 sin3t− 2 cos3t
(k) f(t) = 2 sin2t cos t , (l) f(t) = 3 sinh2t+ 2 cosh2t− 2e2t

(m) f(t) = 2 sin2t− sin2 t , (n) f(t) = sinh2t cosh3t
(o) f(t) = 2− 4 sin2 5t , (p) f(t) = 3 cosh2 t
(q) f(t) =

{ 2 0 ≤ t ≤ 2,0 t ≥ 2. , (r) f(t) =

{
−3 1 ≤ t < 10,1 t ≥ 10.

(s) f(t) =

{
t 0 ≤ t < 2,
et t ≥ 2. , (t) f(t) =

{ 1 0 ≤ t < 3,1√
t− 3 t ≥ 3.:À�û¢ ö�È÷ Ý�ÖµÆõ ©øÂ� �þ ø §��� ��þÀ±� ñøÀ� ¥� ù¢�Ôµ¨� �� (2

(a) L(sin(at+ b)) =
s sin b+ a cos b

s2 + a2 , (c) L(eat − 1− at) =
a2

s2(s− a)

(b) L(cos(at+ b)) =
s cos b− a sin b

s2 + a2 , (d) L(sin2 at) =
2a2

s(s2 + 4a2)



§��� ��þÀ±� .7 ÛÊê 210ñ�Öµ÷� «��¡ 1.2.7Âþ¢�Öõ ��Þ� ´Æ�ê�î ectf(t) â��� §��� ¤�ÀÖõ ßµê�þ ý�Â� L(f(t)) = F (s) �Ø�þ� ­Âê ��ü�ãþ Ý��î ÛþÀ±� s− c �� â��� §��� ¤¢ �¤ s
L(ectf(t)) = F (s− c) , s > c (7).F (s − c) ¥� ´Æ�¤�±ä ectf(t) â��� §��� ,Àª�� F (s) Â��Â� f(t) â��� §��� Âð� ßþ�Â����.Ý�õ�÷ ñ�Öµ÷� ß�óø� �¤ ´�¬�¡ ßþ�Å� L(sin2t) =

2
s2 + 4 ø L(t3) =

6
s4 Ý�÷�¢ üõ 10.7 ñ�·õ

L(t3e4t) =
6

(s− 4)4 , s > 4
L(t3e−2t) =

6
(s+ 2)4 , s > 2

L(e3t sin2t) =
2

(s− 3)2 + 4 , s > 2.´¨� Âþ¥ �¤�Ê� �ú÷� ýø¤ Â� ñ�Öµ÷� ÛÞä Û¬�� â���� ü¡Â� §���
ectf(t) =⇒ F (s− c) , s > a+ c

ecttn =⇒ n!

(s− c)n+1 , s > c

ect sin at =⇒ a

(s− c)2 + a2 , s > c

ect cos at =⇒ (s− c)

(s− c)2 + a2 , s > c

ect sinh at =⇒ a

(s− c)2 − a2 , s > c+ |a|

ect cosh at =⇒ (s− c)

(s− c)2 − a2 , s > c+ |a|.sin ax sinh ax â��� §��� ´Æ��ÜÎõ 11.7 ñ�·õ
L(sin ax sinh ax) = L(sin ax.

eax − e−ax2 ) .Û�
=

12L(eax sin ax) − 12L(e−ax sin ax)

=
12 a

(s− a)2 + a2 − 12 a

(s+ a)2 + a2
=

2a2s
s2 + 4a2



211 ÓÜµ¿õ â���� §��� .2.7:´¨� ß��� c ≥ 0 ý�Â� Àþ�Æþ�û â��� §��� ÛþÀ±�
L(uc(t)) = L(u(t− c)) =

∫ ∞

c

e−stdt = lim
A→∞

e−st

−s

∣
∣
∣

A

c
=
e−cs

s
(8)ý�¤�¢ â��� ßþ� .´¨� L(uc(t)) =

1
s
��÷ c ≤ 0 ý�¥�� .¢�ª üõ ÓþÂã� s > 0 ý�Â� �îßþ� Â� ùø�ä .´¨� (ý��Ø� �b µ¨���) ý��Î��® À�� â���� §��� ö��� ¤¢ ü÷�ø�Âê ý�û ù¢�Ôµ¨�ø L(f) = F Âð�

g(t) =

{ 0 , t < c,
f(t− c) , t > c.

= uc(t)f(t− c)�Âþ¥ L(g(t)) = e−csF (s) ù�Ú÷�
L(uc(t)f(t− c)) =

∫ ∞0 e−stuc(t)f(t− c)dt

=

∫ ∞

c

e−stf(t− c)dt

=

∫ ∞0 e−s(x+c)f(x)dx ; t− c = x

= e−sc

∫ ∞0 e−sxf(x)dx

= e−csF (s) (9)

+c ù¥�À÷� �� �ú®Âä ¤�½õ ��¥��Þ� â��� ñ�Öµ÷� 5.7 ÛØª�f ·õ .Àû¢üõ �¹�µ÷ �¤ (8) ñ�õÂê ö�Þû f(x) = 1 ý�Â� ��®�� .Ý�õ�÷ ñ�Öµ÷� ß�õø¢ �¤ ö� øÝþ¤�¢ ñ�Öµ÷� �ø¢ ´�¬�¡ Õ±Ï
L[uπ(t) cos4(t− π)] = e−πs s

s2 + 16
L[uπ(t) sin(t− π)] = e−πs 1

s2 + 1



§��� ��þÀ±� .7 ÛÊê 212(β ≥ α ≥ 0) ?´Æ�� g(t) =

{ 0 t < α,1 α ≤ t ≤ β,0 t > β.
â��� §��� 12.7 ñ�·õ

12.7 ñ�·õ â��� ¤�¢�Þ÷ 6.7 ÛØª
g(t) = u(t−α)−u(t−β) = uα(t)−uβ(t) Ý�Æþ�÷ üõ ß��� ý��Ü� â��� ¥� ù¢�Ôµ¨� �� .Û�:À÷�ª üõ ß��� ýÂ�ð §��� �� �î

L(g(t)) = L(uα(t)) −L(uβ(t)) =
e−αs

s
− e−βs

s
=
e−αs − e−βs

s
(10)?´Æ�� g(x) =

{

x2 + 4x+ 5 , x ≥ 3,0 , x < 3. â��� §��� 13.7 ñ�·õ
x = t + 3 Â�çµõ Â��ç� �� Å� g(x) = (x2 + 4x + 5)

{ 1 , x ≥ 3,0 , x < 3. ö�� .Û�Ýþ¤�¢ x2 + 4x+ 5 â��� ýø¤
f = x2 + 4x+ 5 = (t+ 3)2 + 4(t+ 3) + 5 = t2 + 10t+ 26

G(s) = L(g(x)) = e−3s(
2
s3 +

10
s2 +

26
s

) ßþ�Â���� g(x) = u3(x)f(x− 3) �Áó?´Æ�� g(x) =

{

x2 − 1 x ≥ 1,0 0 ≤ x < 1. â��� §��� 14.7 ñ�·õÅ³¨ Àþ� üõ ¤¢ g(t) = u1(t)(t2 + 2t) ÛØÈ� â��� x = t+ 1 Â�çµõ Â��ç� �� .Û�
G(s) = e−s(

2
s3 +

2
s2 ).À����� �¤ g(x) =

{
sin x 0 ≤ x < π,
cos x π ≤ x < 2π,
x x ≥ 2π. â��� §��� 15.7 ñ�·õ



213 ÓÜµ¿õ â���� §��� .2.7:Ý�Æþ�÷ üõ (1) ñ�õÂê �� ���� �� .Û�
g(x) = sin x+ uπ(x)(cosx− sin x) + u2π(x− cos x)

= sin x+ uπ(x)(cos(x− π + π) − sin(x− π + π))

+u2π(x− 2π + 2π − cos(x− 2π + 2π))

= sin x+ uπ(x)(− cos(x− π) + sin(x− π))

+u2π(x)(x− 2π + 2π − cos(x− 2π))

G(s) =
1

s2 + 1 + e−πs(− s

s2 + 1 +
1

s2 + 1 ) + e−2πs(
s

s2 +
2π
s

− s

s2 + 1 )

f(t) =

{

sin t− cos(t− π3 ) , t ≥ π3 ,
sin t , 0 ≤ t < π3 . §��� ÛþÀ±� ´Æ��ÜÎõ 16.7 ñ�·õ

f(t) = sin t− cos(t− π3 )

{ 1 , t ≥ π3 ,0 , 0 ≤ t <
π3 .

= sin t− cos(t− π3 )uπ3 (t)

L(f) =
1

s2 + 1 − s

s2 + 1e− π3 s

=
1− se−

π3 s

s2 + 1ÛþÀ±� .Ý����� ü�� ý�û ù¢�Ôµ¨� ý�Â� �¤ ��Â® ø í�Âþ¢ â��� §��� ÛþÀ±� �� ÝþÂ®�� ö��î�´¨� ß��� í�Âþ¢ â��� §���
L(dε(t)) =

∫ ε0 e−st1
ε
dt =

e−st

−sε

∣
∣
∣

ε0 =
1− e−sε

sε
(11)ø ¢¤�À÷ ¢��ø lim

ε→0 dε(t) ¤�ÀÖõ ü®�þ¤ à�½ó ¥� üêÂÏ ¥� lim
ε→0L(dε(t)) = 1 ñ�µ���û Â���� �î

t 6= c �î δ(t − c) = 0 Ýþ¤�¢ �µó¢ â��� ý�Â� .¢�� Àû��¡ ùÀÈ÷ ÓþÂã� ��÷ L( lim
ε→0 dε(t)) �Áó�Áó ∫ ∞

−∞
δ(t− c)dt = 1 ö��

L(δ(t− c)) = lim
ε→0L(dε(t− c))

= lim
ε→0∫ c+ε

c

e−st1
ε
dt

= lim
ε→0 1sε (e−cs − e−(c+ε)s)

= e−cs lim
ε→0 1− e−sε

sε

= e−cs



§��� ��þÀ±� .7 ÛÊê 214¥� ´Æ�¤�±ä �¬�¡ ¤�Î� ��� â��� À�� §��� .¢�� Àû��¡ L(δ(t)) = 1 ��÷ c = 0 ý�Â�
f(t) =⇒ F (s) c, s > 0
uc(t) =⇒ e−cs

s
(12)

uc(t)f(t− c) =⇒ e−csF (s) (13)

δ(t− c) =⇒ e−cs (14) . 3.7ßþÂÞ�.À����� �¤ Âþ¥ â���� §��� ,§��� ��þÀ±� ñøÀ� ¥� ù¢�Ôµ¨� �� (1
(a) et sin2t , (b) te3t , (c) t2(e−t + 3et)

(d) e−3t sin4t , (e) e3t sin(t− π3 ) , (f) 2e2t sinh3t
(g) cosh2x sinh3x , (h) sinh at cosh bt , (i) sinh at cos bt

(j) uπ2 (t) cos2t , (k) uπ4 (t) sin t , (l) uπ6 (t) cos t

(m) uπ3 (t) cos t , (n) uπ2 (t)e3t , (o) 3e2tuπ6 (t) cosh2t
(p)

{
x 0 ≤ x < 3,0 x ≥ 3. , (q)

{ 2x3 − 12x2 + 25x− 17 0 ≤ x ≤ 2,0 x > 2.
(r)

{
cos t 0 ≤ t < π,
sin t t ≥ π.

, (s)







1 0 ≤ t ≤ 2,2t 2 ≤ t ≤ 3,
t− 1 3 ≤ x ≤ 6,4 t ≥ 6.

(t)

{
et + sint , 0 ≤ t < 2π,
et + cost , t ≥ 2π. , (u) 3u1(t) + u2(t) + 2u3(t)

(v) u1(t)u2(t)u3(t) , (w) (t− 1)u1(t) + (t− 2)u2(t) + (t− 3)u3(t)´��� �¤ (7) �b ó¢�ãõ ?´Æ�� ectf(t) §��� ÛþÀ±� ¢��ø �b ���÷ ,ñ�Öµ÷� ß�óø� ´�¬�¡ ¤¢ (2.À��îÀ��î ´��� üÖ�Ö� α > 0 ý�Â� (3
L
(

uα(t) + u2α(t) + u3α(t) + u4α(t) + · · ·
)

=
1

s(eαs − 1)
(15).L(δ(t− c)) = e−cs Ýþ¤�¢ ¢�ª ÓþÂã� ��÷ (4) ÛØª �� í�Âþ¢ â��� Âð� À�û¢ ö�È÷ (4?¢�ª üõ ����� �÷�Ú� ßþ� lim

s→∞
F (s) = 0 �õ� L(δ(t)) = 1 ßµõ ��±¨�½õ Õ±Ï (5.1

c
F (
s

c
) ¥� ´Æ�¤�±ä f(ct) â��� §��� ÛþÀ±� À�û¢ ö�È÷ L(f(t)) = F (s) Âð� (6



215 ÓÜµ¿õ â���� §��� .2.7�ø��µõ â���� §��� 2.2.7Àª�� §��� ÛþÀ±� ý�¤�¢ [0, T ] ýø¤ ø ù¢�� T > 0 �ø��� ù¤ø¢ �� �ø��µõ üã��� f(t) Âð�
s > 0 ý�Â� Å³¨

L(f) =

∫ T0 e−stf(t)dt1− e−sT
(16):Ý�Æþ�÷ üõ x = t− nT ÛØÈ� [nT, (n+ 1)T ] ùb¥�� Âû ýø¤ Â�çµõ Â��ç� ñ�Þä� �� �Âþ¥

L(f) =

∫ ∞0 e−stf(t)dt

=

∫ T0 e−stf(t)dt+

∫ 2T

T

e−stf(t)dt+

∫ 3T2T

e−stf(t)dt+ · · ·

= (1+ e−sT + e−2sT + e−3sT + · · ·)
∫ T0 e−stf(t)dt

=
11− e−sT

∫ T0 e−stf(t)dt.2π �ø��� ùb¤ø¢ �� f(x) =

{
sin t , 0 ≤ t < π,0 , π ≤ t < 2π. §��� ´Æ��ÜÎõ 17.7 ñ�·õ

L(f) =
11− e−2πs

∫ 2π0 e−stf(t)dt .Û�
=

11− e−2πs

∫ π0 e−st sin t dt

=
11− e−2πs

[
e−st(−s sin t− cos t)

s2 + 1 ]π0
=

11− e−2πs

1+ e−πs

s2 + 1
=

1
(1− e−πs)(s2 + 1)

17.7 ñ�·õ â��� ¤�¢�Þ÷ 7.7 ÛØª



§��� ��þÀ±� .7 ÛÊê 216.À����� �¤ Âþ¥ ÛØª �� ü�ø��� â��� §��� ÛþÀ±� 18.7 ñ�·õ
18.7 ñ�·õ â��� ¤�¢�Þ÷ 8.7 ÛØªüã��� �î �µª�÷ f(x) =

{
t , 0 ≤ t < π,2π − t , π ≤ t < 2π. �¤�Ê� �¤ â��� ÛØª ýø¤ ¥� .Û�:Ýþ¤�¢ (16) Õ±Ï ´¨� T = 2π �ø��� ù¤ø¢ �� �ø��µõ

L(f) =
11− e−2πs

∫ 2π0 e−stf(t)dt

=
11− e−2πs

[ ∫ π0 te−stdt+

∫ 2π

π

(2π − t)e−stdt
]

=
11− e−2πs

[−t
s
e−st − 1

s2 e−st
∣
∣
π0 +

−(2π − t)

s
e−st +

1
s2 e−st

∣
∣
2π

π

]

=
11− e−2πs

1
s2 [

e−2πs − 2e−πs + 1]

=
11− e−2πs

1
s2 [

e−πs − 1]2
=

1
s2 tghπs2 .f(t) = [t] ¼�½¬ Ǒ�� â��� §��� ´Æ��ÜÎõ 19.7 ñ�·õ:Ý�Æþ�÷ üõ T = 1 �ø��� ù¤ø¢ �� f(t) = t− [t] �ø��µõ â��� ý�Â� �Àµ�� .Û�

L(f) =
11− e−s

∫ 10 e−st(t− [t])dt

=
11− e−s

∫ 10 t.e−stdt

=
11− e−s

[
e−s

s
− e−s

s2 +
1
s2 ]



217 ÓÜµ¿õ â���� §��� .2.7Å³¨
L([t]) = L(t− (t− [t])) =

1
s2 − L(t− [t]) =

1
s(es − 1).À��î �Æþ�Öõ (15) ��. 4.7ßþÂÞ�.À����� �¤ Âþ¥ ñ�Øª� �� ü�ø��� â���� §��� ÛþÀ±� (1

1 ßþÂÞ� â���� ¤�¢�Þ÷ 9.7 ÛØª.L(f) =
a

s2 + a2 cotgh( πs2a) À�û¢ ö�È÷ T =
π

a
�ø��� �� f(t) = | sin at| â��� ý�Â� (2Å³¨ f(x+T ) = −f(x) Ý�ª�� �µª�¢ T À�÷�õ ý¢Àä ø f(t) â��� ý�Â� Âð� À��î ´��� (3

L(f) =

∫ T0 e−stf(t)dt1+ e−sTö�È÷ ø À���Þ÷ ù¢�Ôµ¨� T = π �� f(t) = sin t â��� §��� ßµê�þ ý�Â� ´�¬�¡ ßþ� ¥�.L(f) =
1

s2 + 1 À�û¢


